The flow-and diffusion-distributed structures ͑FDS͒ and the differential-flow instability ͑DIFI͒ are mechanisms that give rise to static and traveling waves in reactive flows with general, species-dependent transport terms. Here we consider a general framework which supports the simultaneous existence of FDS and DIFI patterns. We study the necessary conditions for each instability in general and compare them in order to derive their connection. The interaction between FDS and DIFI patterns gives rise to interesting wave behavior including stationary, upstream, and downstream traveling waves as well as an interesting regime where stationary and traveling waves coexist.
I. INTRODUCTION
Over the last decade a wide variety of spatiotemporal structures have been documented in systems of reactiondiffusion-advection ͑RDA͒ equations. Prominent examples, such as traveling and stationary waves are known to occur via the flow-and diffusion-distributed structures ͑FDS͒ ͓1͔ and differential-flow instability ͑DIFI͒ scenarios ͓2,11͔. We recently extended the theory to open reactive flows with a fixed inflow boundary condition and proposed a general scenario that gives rise to stable stationary, space periodic patterns ͓1,3͔. The mechanism of flow-and diffusion-distributed structures ͑FDS͒ is robust ͓3͔ and has none of the limitations of the Turing scenario ͓4͔. Furthermore, in the limit of vanishing flow it recovers the Turing mechanism. The interaction of FDS and Turing instabilities was studied in ͓3͔. The particular case of stationary waves in an oscillatory medium with equal flow and diffusion rates was proposed theoretically in ͓5͔ and was subsequently demonstrated experimentally in ͓6͔. Other recent theoretical studies modeling the FDS waves have been reported using the classical model for a cross-flow reactor ͓7͔ and the Oregonator ͓8͔ and Brusselator ͓9͔ models. Those papers have presented scenarios for complex spatiotemporal patterns in such systems.
Similarly, it was recently shown that traveling waves arise when the boundary condition at the inflow region is time periodic ͓10͔. It was shown that the gene-expression waves that precede the formation of somites ͑the precursors of vertebrae͒ in chick and mouse embryos arise by a FDS mechanism that involves axial growth, coupled with periodic forcing at the growth zone. The connection between developmental biology and open flows comes from the recognition of the equivalence of axial growth and open flow ͓10͔.
In this Brief Report we discuss the link between DIFI and FDS and observe an interesting wave behavior arising from the interaction of the two. The analytical results are derived in Sec. II. In Sec. III the results are illustrated numerically for the cubic autocatalator scheme ͓11͔. A subsequent study of the Oregonator system ͓12͔, FitzHugh-Nagumo ͓13͔, and the chlorine iodide malonic acid ͑CIMA͒ reaction ͓14͔ models suggests that the present scenario is quite universal. These results will be presented elsewhere ͓15͔.
II. REACTION-DIFFUSION-ADVECTION SYSTEMS WITH GENERAL DIFFUSION AND FLOW RATES
We consider a general reaction-diffusion-advection model that allows for arbitrary differential rates of flow and diffusive transport of the key reactive species. This RDA system admits a variety of instabilities, among them FDS ͓1,3,5,6͔, DIFI ͑or differential-flow͒ ͓2,11͔, and Turing ͓4͔ instabilities. Here we are interested in the possible coexistence and interacting behavior of FDS and DIFI patterns. The general equations for a one-dimensional spatial domain are
where a, b, t, and x are the dimensionless concentrations, time, and distance along the reactor (tϾ0, 0ϽxϽϱ). As the domain is semi-infinite the effects of the outflow boundary are negligible. ␦ϭD a /D b is the ratio of diffusion coefficients of species a and b. r is the ratio of the advection rates of the two species, or the differential-flow parameter. is the dimensionless flow velocity of b. Without any loss of generality we assume that Ͼ0. From now on we shall consider that the parameters r and ␦ are independent and take the advection rate as our bifurcation parameter. For the reaction terms we chose the cubic autocatalator model ͓11͔ Fig. 1͑a͒ .
B. Differential-flow instability
The case Re()ϭ0 in Eq. ͑2.7͒ leads to a Hopf bifurcation giving rise to space-and time-periodic traveling DIFI waves. The neutral curve DIFI (k,␦) that corresponds to bifurcation to spatiotemporal traveling DIFI solutions is Ͻ0, and for instability we require that уmax͕0, DIFI ͖. In our case traveling waves are predicted even if differential diffusion is not present in the system, i.e., for ␦ϭ1, which is an unusual property for models of differential-flow instability. Figure 1͑c͒ shows Hence the two neutral curves are always tangent at k FDS . In particular, the DIFI instability is always generated first as the flow rate is increased from 0 to large values. We have explored these predictions numerically for the system ͑2.3͒.
The result is given in Fig. 1͑d͒ . ␦ϭ1.0, ϭ3.0 gives Ϫa 22 /a 11 ϭ0.11. For 0ϽrϽ0.11, as established above, FDS у DIFI . In the range 0.042ϽrϽ0.055 the critical flow values for FDS and DIFI are relatively close and the two critical wave numbers have similar magnitudes. As seen below ͓Fig. 2͑c͔͒ the stationary FDS waves dominate the behavior in this range. Outside this traveling and stationary waves may coexist. Figure 1͑d͒ also predicts that for values of r near a certain vicinity of zero or for r in a certain vicinity of 0.11 only traveling waves are expected ͑for such r's the difference FDS Ϫ DIFI is very large͒. Finally note that for rϾ0.11 only DIFI waves are predicted with DIFI →ϱ as r→1 Ϫ .
III. NUMERICAL SIMULATIONS
In order to illustrate our results we have explored numerically the spatiotemporal behavior of the model ͑2.3͒, using Fig. 1͑d͒ as a guide to choosing parameters. The coupled parabolic system ͑2.1͒, ͑2.2͒ with reaction terms ͑2.3͒ was   FIG. 1 Fig. 1͑d͔͒ . Figure 2͑a͒ shows a contour plot of the autocatalyst density profile for r ϭ0.01. Following the initial sequential propagation of the perturbation in the domain, periodic upstream traveling DIFI waves establish themselves. However, at about tϳ600 an extinct state with zero autocatalyst (bϳ0) begins to invade the whole domain at the outflow boundary. This picture is valid for all r sufficiently small and 0Ͻ␦Ͻ␦ T . These waves moving against the flow are interesting especially when compared with previous studies ͓11͔ which showed that a DIFI bifurcation is associated with a convective instability at least when the uniform stationary state is stable as is the present case. As r is increased further, the traveling waves become increasingly unstable and split into two parts. The region close to the inflow boundary develops into stationary FDS waves ͓Fig. 2͑b͔͒. Between approximatively rϭ0.04 and 0.055 only stable stationary waves are formed ͓Fig. 2͑c͔͒. For 0.095уrу0.6 there is again a structure composed of two sections, illustrated by Fig. 2͑d͒ , with the front part forming downstream propagating high amplitude DIFI waves and the rear section settling into stationary, low amplitude FDS waves as t→ϱ. Finally, for rуϪa 22 /a 11 Ϸ0.11, only downstream propagating DIFI waves survive, forming a transient structure in the domain due to the convective instability of the uniform steady state ͑not shown͒. The overall picture is much the same in the Turing domain where ␦Ͼ␦ T ϭ(3 ϩ2&)
2 . Further study shows that the above wave behavior is a robust and generic feature among a wide class of autocatalytic coupled systems of RDA that are widely employed in biological and chemical modeling. In all cases we found that similar waves arise in systems with the BelousovZhabotinskii ͑BZ͒ Oregonator ͓12͔, FitzHugh-Nagumo ͓13͔, and CIMA ͓14͔ kinetics. In the BZ-Oregonator case we found traveling waves that accelerate and decelerate ͑jump͒. These results will be given elsewhere ͓15͔.
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